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Abstract. A sequence of generalizations of Cartan’s conservation of torsion theorem is given for n-dimensional differentiable manifolds having a general linear connection.
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This paper presents a sequence of generalizations of Cartan’s conservation
of torsion theorem (also called “the 1st Bianchi identity”) for n-dimensional
differentiable manifolds having a general linear connection.
Cartan’s “conservation of torsion theorem”1 (from the French “théorème de
conservation de la torsion”2) for such a manifold M is given by3-5
1
2 R[bcd]
a
 = ∇[b Scd]a + 2 S[bce S|e|d]a (1)
= ∇[b Scd]a − 2 S[bce Sd]ea,
where Rabc
d
 is the Riemann-Christoffel curvature tensor and Sab
c
 the torsion
tensor of M as given by6
Rabc
d
 = 2 (∂[a Γb]dc + Γ[ad|e| Γb]ec + Ωaeb Γedc) (2)
and7
Sab
c
 = Γ[a
c
b] + Ωa
c
b, (3)
respectively, where Γa
c
b is the connection coefficient and Ωa
c
b the object of
anholonomity.
The 1st ordinary exterior differentials8 of the basis tangent vectors ea of M
are given by9-11
d ea = eb ωa
b
, (4)
the contractions of which with the basis 1-forms ωb of M are given by
〈ωb, d ea〉 = ωab (5)
and in view of which the 1st absolute exterior differentials12-13 of ea are given
by
D ea = d ea − eb ωa
b (6)
= 0,
where ωa
b
 is the connection 1-form of M and where the contractions of ωb
with ea are given by
〈ωb, ea〉 = δba, (7)
where δba is the Kronecker delta.
The 2nd ordinary exterior differentials of ea are given by14-23
d2 ea = d d ea (8)
= d eb ωa
b
= (d eb) ∧ ωab + eb d ωab
= ec ωb
c
 ∧ ωa
b
 + eb d ωa
b
= eb (d ωab + ωcb ∧ ωac)
= eb Ωa
b
,
the contractions of which with ωb are given by
〈ωb, d2 ea〉 = Ωab (9)
and where
Ωa
b
 = d ωa
b
 + ωc
b
 ∧ ωa
c (10)
= D ωa
b
 + ωa
c
 ∧ ωc
b
= d ωa
b
 − ωa
c
 ∧ ωc
b
= D ωa
b
 − ωc
b
 ∧ ωa
c
= 
1
2 Rcda
b
 ωc ∧ ωd,
where Ωa
b
 is the curvature 2-form of M.
The 3rd ordinary exterior differentials of ea are given by
d3 ea = d d
2
 ea (11)
= d eb Ωa
b
= (d eb) ∧ Ωab + eb d Ωab
= (ec ωbc) ∧ Ωab + eb d Ωab
= ec Ωb
c
 ∧ ωa
b
using Bianchi’s identity for Ωa
b
,
24
 i.e.,
D Ωa
b
 = d Ωa
b
 − ωa
c
 ∧ Ωc
b
 + ωc
b
 ∧ Ωa
c (12)
= 0,
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d3 ea = d
2
 d ea (13)
= d2 eb ωa
b
= (d2 eb) ∧ ωab + eb d2 ωab
= (ec Ωbc) ∧ ωab + 0
= ec Ωb
c
 ∧ ωa
b
using Poincaré’s theorem for scalar-valued exterior differential forms,25-26
i.e.,
d2 α = 0, (14)
where α is an arbitrary scalar-valued exterior differential form.
The 4th ordinary exterior differentials of ea are given by
d4 ea = d
2
 d2 ea (15)
= d2 eb Ωa
b
= (d2 eb) ∧ Ωab + eb d2 Ωab
= (ec Ωbc) ∧ Ωab + 0
= ec Ωb
c
 ∧ Ωa
b
.
In general, the pth ordinary exterior differentials of ea for p > 0 are given (cf. Flanders27) by
dp ea =

ei(p + 1)/2
ωa
i1 ∧ Ω i1
i2 ∧ Ω i2
i3 ∧ … ∧ Ωi(p − 5)/2
i(p − 3)/2 ∧ Ωi(p − 3)/2
i(p − 1)/2 ∧ Ωi(p − 1)/2
i(p + 1)/2, if p is odd
eip/2
Ωa
i1 ∧ Ω i1
i2 ∧ Ω i2
i3 ∧ … ∧ Ωi(p − 6)/2
i(p − 4)/2 ∧ Ωi(p − 4)/2
i(p − 2)/2 ∧ Ωi(p − 2)/2
ip/2, if p is even
, (16)
the contractions of which with ωa are given by
〈ωa, dp ea〉 =

ωi(p + 1)/2
i1 ∧ Ω i1
i2 ∧ Ω i2
i3 ∧ … ∧ Ωi(p − 5)/2
i(p − 3)/2 ∧ Ωi(p − 3)/2
i(p − 1)/2 ∧ Ωi(p − 1)/2
i(p + 1)/2, if p is odd
Ω ip/2
i1 ∧ Ω i1
i2 ∧ Ω i2
i3 ∧ … ∧ Ωi(p − 6)/2
i(p − 4)/2 ∧ Ωi(p − 4)/2
i(p − 2)/2 ∧ Ωi(p − 2)/2
ip/2, if p is even
. (17)
“The soldering form”28-30 (also called “the Cartan-Maurer form,”31 “the
canonical form,”32-33 and “the displacement vector”34-35) d P  of M  is the 1st
ordinary exterior differential of the vector-valued 0-form P and is given in
terms of ea and ω
a
 by
d P = ea ⊗ ω
a
 = ea ω
a
 = ea δab ωb, (18)
the coefficients of which36-37 are equal to δab, i.e., to the Kronecker delta.
The 1st ordinary exterior differential of d P is the 2nd ordinary exterior
differential of P, i.e., d2 P, and is given by38-39
d2 P = d d P (19)
= d (ea ωa)
= (d ea) ∧ ωa + ea d ωa
= (eb ωab) ∧ ωa + ea d ωa
= ea (d ωa + ωba ∧ ωb)
= ea D ω
a
= ea Ω
a
,
where Ωa is the torsion 2-form defined by
Ωa = D ωa (20)
= d ωa + ωb
a
 ∧ ωb.
The 1st ordinary exterior differential of Ωa is given by
d Ωa = d (d ωa + ωba ∧ ωb) (21)
= d2 ωa + (d ωba) ∧ ωb − ωba ∧ d ωb
= 0 + (Ωba + ωbc ∧ ωca) ∧ ωb − ωba ∧ (Ωb − ωcb ∧ ωc)
= Ωb
a
 ∧ ωb + ωb
c
 ∧ ωc
a
 ∧ ωb − ωb
a
 ∧ Ωb + ωb
a
 ∧ ωc
b
 ∧ ωc
= Ωb
a
 ∧ ωb − ωb
a
 ∧ Ωb,
in view of which Cartan’s conservation of torsion theorem is given also by
D Ωa = d Ωa + ωb
a
 ∧ Ωb (22)
= Ωb
a
 ∧ ωb.
The 3rd ordinary exterior differential of P is given by
d3 P = d d2 P (23)
= d ea Ω
a
= (d ea) ∧ Ωa + ea d Ωa
= ea d Ω
a
 + (eb ωab) ∧ Ωa
= ea (d Ωa + ωba ∧ Ωb)
= ea D Ω
a
= d2 d P
= d2 ea ω
a
= (d2 ea) ∧ ωa + ea d2 ωa
= (eb Ωab) ∧ ωa + 0
= ea Ωb
a
 ∧ ωb.
The 4th ordinary exterior differential of P is given by
d4 P = d2 d2 P (24)
= d2 ea Ω
a
= (d2 ea) ∧ Ωa + ea d2 Ωa
= (eb Ωab) ∧ Ωa + 0
= ea Ωb
a
 ∧ Ωb.
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For 1 ≤ p ≤ 10, the vector-valued p-forms dp P are given by
d P = ea ω
a
, (25)
d2 P = ea D ω
a (26)
= ea Ω
a
,
d3 P = ea D
2
 ωa (27)
= ea D Ω
a
= ea Ωb
a
 ∧ ωb,
d4 P = ea D
3
 ωa (28)
= ea D
2
 Ωa
= ea Ωb
a
 ∧ D ωb
= ea Ωb
a
 ∧ Ωb,
d5 P = ea D
4
 ωa (29)
= ea D
3
 Ωa
= ea Ωb
a
 ∧ D2 ωb
= ea Ωb
a
 ∧ D Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ ωc,
d6 P = ea D
5
 ωa (30)
= ea D
4
 Ωa
= ea Ωb
a
 ∧ D3 ωb
= ea Ωb
a
 ∧ D2 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ D ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωc,
d7 P = ea D
6
 ωa (31)
= ea D
5
 Ωa
= ea Ωb
a
 ∧ D4 ωb
= ea Ωb
a
 ∧ D3 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ D2 ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ D Ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ ωd,
d8 P = ea D
7
 ωa (32)
= ea D
6
 Ωa
= ea Ωb
a
 ∧ D5 ωb
= ea Ωb
a
 ∧ D4 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ D3 ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ D2 Ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωd,
d9 P = ea D
8
 ωa (33)
= ea D
7
 Ωa
= ea Ωb
a
 ∧ D6 ωb
= ea Ωb
a
 ∧ D5 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ D4 ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ D3 Ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D2 ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D Ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ ωe,
d10 P = ea D
9
 ωa (34)
= ea D
8
 Ωa
= ea Ωb
a
 ∧ D7 ωb
= ea Ωb
a
 ∧ D6 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ D5 ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ D4 Ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D3 ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D2 Ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ D ωe
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Ωe.
For suitably high values of p, the vector-valued p-forms dp P are given by
dp P = ea D
p − 1
 ωa (35)
= ea D
p − 2
 Ωa
= ea Ωb
a
 ∧ Dp − 3 ωb
= ea Ωb
a
 ∧ Dp − 4 Ωb
= ea Ωb
a
 ∧ Ωc
b
 ∧ Dp − 5 ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Dp − 6 Ωc
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Dp − 7 ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Dp − 8 Ωd
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Dp− 9 ωe
= ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Dp− 10 Ωe,
and so on.
In general, for p > 2, the vector-valued p-forms dp P are given (cf. Flanders40) by
dp P = ea D
p − 1
 ωa (36)
= ea D
p − 2
 Ωa
.
.
.
= 

ea Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 3)/2
i(p − 5)/2 ∧ Ωi(p − 1)/2
i(p − 3)/2 ∧ ωi(p − 1)/2, if p is odd
ea Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 4)/2
i(p − 6)/2 ∧ Ωi(p − 2)/2
i(p − 4)/2 ∧ Ωi(p − 2)/2, if p is even
=

1
2(p − 1)/2 ea R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 4ip − 3|j(p − 3)/2|
j(p − 5)/2 Rip − 2ip − 1ip]
j(p − 3)/2 ωi1 ∧ ωi2 ∧ … ∧ ω ip, if p is odd
1
2(p − 2)/2 ea R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 3ip − 2|j(p − 2)/2|
j(p − 4)/2 Sip − 1ip]
j(p − 2)/2 ωi1 ∧ ωi2 ∧ … ∧ ω ip, if p is even
.
Additional expressions for the vector-valued p-forms dp P and their coefficients for 1 ≤ p ≤ 10 are given in the Appendix.
40 Flanders, H., (1953), op. cit., Eq. (9.4).
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For 1 ≤ p ≤ 10, the scalar-valued p-forms 〈ωa, dp P〉 are given by
〈ωa, d P〉 = ωa (37)
〈ωa, d2 P〉 = D ωa (38)
= Ωa,
〈ωa, d3 P〉 = D2 ωa (39)
= D Ωa
= Ωb
a
 ∧ ωb,
〈ωa, d4 P〉 = D3 ωa (40)
= D2 Ωa
= Ωb
a
 ∧ D ωb
= Ωb
a
 ∧ Ωb,
〈ωa, d5 P〉 = D4 ωa (41)
= D3 Ωa
= Ωb
a
 ∧ D2 ωb
= Ωb
a
 ∧ D Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ ωc,
〈ωa, d6 P〉 = D5 ωa (42)
= D4 Ωa
= Ωb
a
 ∧ D3 ωb
= Ωb
a
 ∧ D2 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ D ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωc,
〈ωa, d7 P〉 = D6 ωa (43)
= D5 Ωa
= Ωb
a
 ∧ D4 ωb
= Ωb
a
 ∧ D3 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ D2 ωc
= Ωb
a
 ∧ Ωc
b
 ∧ D Ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ ωd,
〈ωa, d8 P〉 = D7 ωa (44)
= D6 Ωa
= Ωb
a
 ∧ D5 ωb
= Ωb
a
 ∧ D4 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ D3 ωc
= Ωb
a
 ∧ Ωc
b
 ∧ D2 Ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωd,
〈ωa, d9 P〉 = D8 ωa (45)
= D7 Ωa
= Ωb
a
 ∧ D6 ωb
= Ωb
a
 ∧ D5 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ D4 ωc
= Ωb
a
 ∧ Ωc
b
 ∧ D3 Ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D2 ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D Ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ ωe,
〈ωa, d10 P〉 = D9 ωa (46)
= D8 Ωa
= Ωb
a
 ∧ D7 ωb
= Ωb
a
 ∧ D6 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ D5 ωc
= Ωb
a
 ∧ Ωc
b
 ∧ D4 Ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D3 ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ D2 Ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ D ωe
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Ωe.
For suitably high values of p, the scalar-valued p-forms 〈ωa, dp P〉 are given
by
〈ωa, dp P〉 = Dp − 1 ωa (47)
= Dp − 2 Ωa
= Ωb
a
 ∧ Dp − 3 ωb
= Ωb
a
 ∧ Dp − 4 Ωb
= Ωb
a
 ∧ Ωc
b
 ∧ Dp − 5 ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Dp − 6 Ωc
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Dp − 7 ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Dp − 8 Ωd
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Dp− 9 ωe
= Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Dp− 10 Ωe,
and so on.
In general, for p > 2, the scalar-valued p-forms 〈ωa, dp P〉 are given by
〈ωa, dp P〉 = Dp − 1 ωa (48)
= Dp − 2 Ωa
.
.
.
= 

Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 3)/2
i(p − 5)/2 ∧ Ωi(p − 1)/2
i(p − 3)/2 ∧ ωi(p − 1)/2, if p is odd
Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 4)/2
i(p − 6)/2 ∧ Ωi(p − 2)/2
i(p − 4)/2 ∧ Ωi(p − 2)/2, if p is even
=

1
2(p − 1)/2 R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 4ip − 3|j(p − 3)/2|
j(p − 5)/2 Rip − 2ip − 1ip]
j(p − 3)/2 ωi1 ∧ ωi2 ∧ … ∧ ω ip, if p is odd
1
2(p − 2)/2 R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 3ip − 2|j(p − 2)/2|
j(p − 4)/2 Sip − 1ip]
j(p − 2)/2 ωi1 ∧ ωi2 ∧ … ∧ ω ip, if p is even
.
Thus, a sequence of generalizations of Cartan’s conservation of torsion theorem is given, for p > 2, by
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Dp − 2 Ωa = 

Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 3)/2
i(p − 5)/2 ∧ Ωi(p − 1)/2
i(p − 3)/2 ∧ ωi(p − 1)/2, if p is odd
Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 4)/2
i(p − 6)/2 ∧ Ωi(p − 2)/2
i(p − 4)/2 ∧ Ωi(p − 2)/2, if p is even
(49)
or equivalently, for p > 0, by
Dp Ωa = 

Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 1)/2
i(p − 3)/2 ∧ Ωi(p + 1)/2
i(p − 1)/2 ∧ ωi(p + 1)/2, if p is odd
Ωi1
a ∧ Ω i2
i1 ∧ Ω i3
i2 ∧ … ∧ Ωi(p − 2)/2
i(p − 4)/2 ∧ Ωip/2
i(p − 2)/2 ∧ Ω ip/2, if p is even
. (50)
APPENDIX. ADDITIONAL EXPRESSIONS FOR THE VECTOR-VALUED p-FORMS dp P AND THEIR COEFFICIENTS FOR 1 ≤ p ≤ 10
Expressions for the coefficients of the vector-valued p-forms dp P as given
for 1 ≤ p ≤ 10 by
d1 P = ea ω
a (51)
= ea δab ωb,
d2 P = ea Ω
a (52)
= ea Sbc
a
 ωb ∧ ωc,
d3 P = ea Ωb
a
 ∧ ωb (53)
= 
1
2 ea R[bcd]
a
 ωb ∧ ωc ∧ ωd,
d4 P = ea Ωb
a
 ∧ Ωb (54)
= 
1
2 ea R[bc| f |
a
 Sde]
f
 ωb ∧ ωc ∧ ωd ∧ ωe,
d5 P = ea Ωb
a
 ∧ Ωc
b
 ∧ ωc (55)
= 
1
4 ea R[bc|g|
a
 Rdef]
g
 ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf,
d6 P = ea Ωb
a
 ∧ Ωc
b
 ∧ Ωc (56)
= 
1
4 ea R[bc|h|
a
 Rde|i|h Sfg]i ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf ∧ ωg,
d7 P = ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ ωd (57)
= 
1
8 ea R[bc|i|
a
 Rde|j|i Rfgh]j ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf ∧ ωg ∧ ωh,
d8 P = ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωd (58)
= 
1
8 ea R[bc|j|
a
 Rde|k|j Rfg|l|k Shi]l ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf ∧ ωg ∧ ωh ∧ ωi,
d9 P = ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ ωe (59)
= 
1
16 ea R[bc|k|
a
 Rde|l|k Rfg|m|l Rhij]m ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf ∧ ωg ∧ ωh ∧ ωi ∧ ωj,
d10 P = ea Ωb
a
 ∧ Ωc
b
 ∧ Ωd
c
 ∧ Ωe
d
 ∧ Ωe (60)
= 
1
16 ea R[bc|l|
a
 Rde|m|l Rfg|n|m Rhi|o|n Sjk]o ωb ∧ ωc ∧ ωd ∧ ωe ∧ ωf ∧ ωg ∧ ωh ∧ ωi ∧ ωj ∧ ωk
are given by
δab = 
1
1! 〈eb ωa, d1 P〉, (61)
Sbc
a
 = 
1
2! 〈eb ∧ ec ωa, d2 P〉, (62)
1
2 R[bcd]
a
 = 
1
3! 〈eb ∧ ec ∧ ed ωa, d3 P〉, (63)
1
2 R[bc| f |
a
 Sde]
f
 = 
1
4! 〈eb ∧ ec ∧ ed ∧ ee ωa, d4 P〉, (64)
1
4 R[bc|g|
a
 Rdef]
g
 = 
1
5! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ωa, d5 P〉, (65)
1
4 R[bc|h|
a
 Rde|i|h Sfg]i = 
1
6! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ∧ eg ωa, d6 P〉, (66)
1
8 R[bc|i|
a
 Rde|j|i Rfgh]j = 
1
7! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ∧ eg ∧ eh ωa, d7 P〉, (67)
1
8 R[bc|j|
a
 Rde|k|j Rfg|l|k Shi]l = 
1
8! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ∧ eg ∧ eh ∧ ei ωa, d8 P〉, (68)
1
16 R[bc|k|
a
 Rde|l|k Rfg|m|l Rhij]m = 
1
9! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ∧ eg ∧ eh ∧ ei ∧ ej ωa, d9 P〉, (69)
1
16 R[bc|l|
a
 Rde|m|l Rfg|n|m Rhi|o|n Sjk]o = 
1
10! 〈eb ∧ ec ∧ ed ∧ ee ∧ ef ∧ eg ∧ eh ∧ ei ∧ ej ∧ ek ωa, d10 P〉 (70)
using the result that
1
p! 〈ei1 ∧ ei2 ∧ … ∧ eip ω
a
, dp P〉 = 1p! 〈ei1 ∧ ei2 ∧ … ∧ eip ⊗ ω
a
, dp P〉 (71)
= 
1
p! 〈ei1 ∧ ei2 ∧ … ∧ eip, 〈ω
a
, dp P〉〉
= 
1
p! 〈ωa, 〈ei1 ∧ ei2 ∧ … ∧ eip, d
p
 P〉〉
=

1
2(p − 1)/2 R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 4ip − 3|j(p − 3)/2|
j(p − 5)/2 Rip − 2ip − 1ip]
j(p − 3)/2, if p is odd
1
2(p − 2)/2 R[i1i2|j1|
a Ri3i4|j2|
j1 Ri5i6|j3|
j2
… Rip − 3ip − 2|j(p − 2)/2|
j(p − 4)/2 Sip − 1ip]
j(p − 2)/2, if p is even
.
